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Abstract

Under Yaari’s dual theory of risk, we determine the equilibrium separating contracts for high and low risks in a
competitive insurance market, in which risks are defined only by their expected losses, that is, a high risk is a risk
that has a greater expected loss than a low risk. Also, we determine the pooling equilibrium contract when insurers
are assumed non-myopic. Expected utility theory generally predicts that optimal insurance indemnity payments
are nonlinear functions of the underlying loss due to the nonlinearity of agents’ utility functions. Under Yaari’s
dual theory, we show that under mild technical conditions the indemnity payment is a piecewise linear function
of the loss, a common property of insurance coverages.
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1. Introduction

By assuming adverse selection in a competitive insurance market in which agents are
expected utility maximizers, one can explain many common provisions found in insurance
policies—deductibles, (nonlinear) coinsurance, and maximum limits [Young and Browne,
1997] and [Fluet and Pannequin, 1997]. Two issues remain unresolved under expected
utility theory: (1) Most insurance policies provide an indemnity benefit that is a piecewise
linear function of the underlying loss. Under expected utility theory, however, nonlinearity
of the utility function in wealth forces optimal insurance to be nonlinear, in general [Young
and Browne, 1997]. (2) Expected utility theory predicts that a risk-averse agent will buy
less than full coverage when the premium charged is greater than the actuarial expected
value [e.g., Mossin, 1968; or Smith, 1968]. Mossin, however, observes that many of his
‘otherwise rational’ friends purchase full insurance.

Yaari [1987] develops a theory of risk, dual to expected utility theory, by modifying the
independence axiom of von Neumann and Morgenstern [1947]. In Yaari’s theory, attitudes
toward risks are characterized by a distortion applied to probability distribution functions,
in contrast to expected utility theory in which attitudes toward risks are characterized by a
utility function of wealth. Segal and Spivak [1990] show that, under Yaari’s dual theory of
risk (more generally, under first-order risk aversion), a risk-averse agent may purchase full
coverage even if the premium charged is greater than the agent’s expected loss. Thus, under
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Yaari’s dual theory, the second puzzle mentioned above is solved. This paper primarily
addresses the first problem.

In this paper, we apply Yaari’s dual theory of risk to determine equilibrium insurance poli-
cies in the presence of adverse selection. We show that, in this model, low risks may prefer
to pool with high risks and purchase full coverage, a result anticipated by Segal and Spivak
[1990]. More importantly, we show that, under mild technical conditions, optimal insurance
provides an indemnity benefit that is a piecewise linear function of the loss. This occurs
because under Yaari’s theory, the value functional is linear in wealth, as opposed to expected
utility theory, in which the value functional, or expected utility, is nonlinear in wealth. In
addition, by reconsidering optimal insurance under Yaari’s dual theory, we examine the ro-
bustness of optimal insurance results obtained under expected utility theory. We find several
qualitative similarities between optimal insurance contracts under the two theories.

The piecewise linearity of the optimal indemnity benefit is not a surprise when one
considers the work of Segal and Spivak [1990] and Doherty and Eeckhoudt [1995]. In
particular, Doherty and Eeckhoudt find that for a linear indemnity benefit (proportional in-
surance) with a proportionally loaded premium, the optimal coverage is either full coverage
or no coverage. Such corner solutions arise in Yaari’s dual theory because wealth enters
the value functional linearly. They argue that, in general, to obtain non-corner solutions, one
needs to introduce some nonlinearity into the problem. We do that by including multiple
risk classes. The presence of high risks in the market may force the low risks to buy less
than full coverage. Because wealth appears in the value functional linearly, however, the
equilibrium indemnity benefit is piecewise linear.

In Section 2, we state our basic assumptions and, in Section 3, formulate our problem
concerning equilibrium separating and pooling insurance contracts in a competitive, antic-
ipatory market. We analyze the separating and pooling equilibrium policies in Section 4.
First, we consider the simple case in which the loss amount is fixed but the probabilities
of loss differ between the risk classes, the case that Rothschild and Stiglitz [1976] study.
Then, we consider the case of a general random loss and obtain conditions satisfied by the
optimal separating and pooling contracts. We show that under mild technical requirements,
these conditions are sufficient to uniquely determine the optimal contracts. In this case, we
find that the equilibrium contract is a piecewise linear function of the underlying loss. We
present an illustrative example in Section 5 and show how piecewise linear coverage with a
deductible and a maximum limit can be realized as an equilibrium policy in our framework.
In the last section, we summarize our results and compare them with ones obtained under
expected utility theory.

2. Market for insurance

We assume that insurers compete for the business of low and high risks in the market, with
the proportion of high risks equal toρ. Low and high risks are identical except for their
distributions of lossX ≥ 0. A risk is defined to below versushigh if the expected loss of a
low risk is less than or equal to the expected loss of a high risk.

We assume that individuals are rational as determined by Yaari’s theory of risk [1987],
which is dual to expected utility theory. In expected utility theory, one orders risks according
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to their expected utility. Specifically, random wealthW1 is preferred to random wealthW2 if∫ ∞
−∞

u(w) f1(w) dw ≥
∫ ∞
−∞

u(w) f2(w) dw,

in which fk is the probability density function ofWk, k = 1, 2, andu is the utility function.
Note that wealth is distorted by the utility functionu before one calculates its expectation.

In Yaari’s dual theory of risk, wealth is not distorted, but probabilities are. In that theory,
random wealthW1 is preferred toW2 if∫ ∞

−∞
wg̃′

[
SW1(w)

]
f1(w) dw ≥

∫ ∞
−∞

wg̃′
[
SW2(w)

]
f2(w) dw

in which g̃ is thedistortionfunction that distorts the probability that a random variable will
exceed a given value:g̃maps the unit interval [0, 1] onto itself and is nondecreasing. Also,SW

denotes the decumulative distribution function ofW, namely,SW(t) = Pr{W > t}, t ∈ R.
Because

∫∞
−∞ g̃′[SW(w)] f (w) dw = 1, one can think of the certainty equivalent ofW as

an expectation with respect to a new probability distribution given by the density function
g̃′[SW(w)] f (w).

By change of variable and by integration by parts, one can show that the certainty equiv-
alent of a random outcomeW under Yaari’s theory equals∫ ∞

−∞
(g̃[SW(t)] − 1) dt+

∫ ∞
0

g̃[SW(t)] dt =
∫ 1

0
S−1

W (q) dg̃(q), (2.1)

in which S−1
W is the inverse ofSW, defined byS−1

W (p) = inf{t : SW(t) ≤ p}, 0 < p < 1.1

Thus, an individual is rational under Yaari’s theory if he or she orders random outcomesW
according to the value

∫ 1
0 S−1

W (q) dg̃(q) and choosesW to maximize this value.
We assume that individuals have increasing preferences; that is, they order risks accord-

ing to first stochastic dominance, or equivalently,g̃ is strictly increasing. In addition, we
assume individuals are risk-averse; that is, they order risks according to second stochastic
dominance, or equivalently,̃g is convex [Yaari, 1987]. For simplicity of exposition, we
assume that is̃g twice differentiable; thus,̃g′ > 0, andg̃′′ ≥ 0.

As shown above, one can think of
∫ 1

0 S−1
W (q) dg̃(q) as a generalized expected value, in

which one distorts the decumulative distribution function before calculating the expectation.
Note that forg̃ equal to the identity,

∫ 1
0 S−1

W (q) dq= E[W]. Mathematically, Yaari replaces
SW in the axioms for expected utility by its inverseS−1

W [Yaari, 1987]. All the axioms remain
unchanged except for the independence axiom. It becomes a new axiom which states that
the ordering of random variables is not changed if the random variables are mixed with a
random variable that is not a hedge against either of them.

To put this new axiom in the context of ordering insurance risks, suppose a decision maker
(d.m.)—for example, a reinsurer—is asked to choose between the following portfolios of
insurance risks: Portfolio 1 consists of risksX in proportionp with the remainder of the
portfolio made up with risksZ. Portfolio 2 consists of risksY in proportion p with the
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remainder of the portfolio made up with risksZ. Also suppose the d.m. views riskX to
be less risky thanY. If risk Z is a hedge against riskY, then the d.m. may decide that the
hedged Portfolio 2 is less risky than Portfolio 1 even though riskY is riskier thanX without
the presence ofZ. However, ifZ is not a hedge against eitherX or Y, the d.m. will choose
Portfolio 1 over Portfolio 2.

To further stress the duality between expected utility theory and Yaari’s theory, one can
show that the expected utility ofW can be represented as

E[u(W)] =
∫ 1

0
u
[
S−1

W (q)
]

dq.

Here, as in Eq. (2.1), the unit interval [0, 1] represents the interval of probabilities. The
inverseS−1

W is a type of quantile function. For example, loosely speakingS−1
W (0.80) is the

value of W such that the probability thatW is greater thanS−1
W (0.80) is 80%. For this

reason,S−1
W is called the ranking ofW. Note that under expected utility, the utility function

u distorts the ranked values of the random variableW, while under Yaari’s dual theory,̃g
distorts its probabilitiesq instead. Thus, risk aversion in Yaari’s theory is expressed as a
risk aversion towards probabilities and is separate from marginal utility of wealth.

Let I : R+→R+ denote an insurance policy which paysI (x) to an insured if the insured
suffers a loss of sizex. We assume thatI is continuous and piecewise differentiable with
0 ≤ I ′ ≤ 1 and I (0) = 0. Such an insurance policyI is calledfeasible. The constraints
0 ≤ I ′ ≤ 1 are desirable because if the indemnity benefit were to decrease with losses,
then insureds would have an incentive to underreport their losses. If the indemnity benefit
were to increase more rapidly than losses increase, then insureds would have an incentive
to create incremental losses. (These two moral hazards exist when an insurer can costlessly
verify losses that are reported, but an insured can hide a loss by not reporting it.) Insureds
can buy at most one insurance policy to cover their potential losses. Denote the initial wealth
of an insured byw.

The expectedvalue Vi to an individual of typei, i = L (for low risk) or H (for high risk),
who buys an insurance policyI for a premiumP is given under Yaari’s theory by

Vi (I , P) = w − P −
∫ ∞

0
g[Si (t)] dt+

∫ ∞
0

g[Si (t)] dI(t), (2.2)

in whichg is the distortion defined byg(p) = 1− g̃(1− p), 0≤ p ≤ 1. We derive Eq. (2.2)
in the Appendix. Note thatg is an increasing, concave distortion. When the random variable
is the underlying loss random variableX, then we simply writeSi for SX,i , i = L or H .

To get an intuitive feel for why (2.2) is valid, recall that in Eq. (2.1), the distortion is
applied to the probabilities not to the ranking of the random variable. Adding a constant to
a random variable affects the value function additively because it affects the ranked values
of the random variable additively. Thus, the initial wealthw and premiumP enter formula
(2.2) additively. The indemnity benefitI does not affect the probabilities nor does it affect
the ranking of wealth before or after the indemnity is applied because 0≤ I ′ ≤ 1. Thus, the
third and fourth terms in (2.2) are additively separable. This additive separation of wealth,
the premium, the loss, and the indemnity benefit leads to piecewise linearity of the optimal
indemnity benefits.
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3. Separating and pooling equilibria

We assume that insurers behave as if they are risk neutral and that administrative expenses
and investment income are zero. We assume that the insurance market is a competitive mar-
ket, as in Rothschild and Stiglitz [1976], and that each insurance policy earns nonnegative
profits. A set of contracts is inequilibrium if there does not exist an additional contract
that, if also offered, would make a positive profit, and all existing contracts continued to be
offered. Information asymmetries exist in the market because of regulatory prohibitions on
underwriting or the inability of insurers to acquire relevant information.2

Under asymmetric information, a separating equilibrium consists of a set of contracts
(I H , PH ) and (I L , PL ) satisfying the conditions stated above, together with the self-selection
constraints:

VH (I H , PH ) ≥ VH (I L , PL); (3.1)

VL(I L , PL) ≥ VL(I H , PH ). (3.2)

The nonnegative profit constraints, or premium constraints, are written

Pi ≥ Ei [ Ii (X)], (3.3)

for i = L or H . Competition will force the premium constraints to bind in equilibrium.
Note that, in terms of the (inverse) decumulative distribution function, we can write an
expectation,E[ I (X)], as

∫ 1
0 I [S−1(p)] dp= ∫∞0 S(t) dI(t).

Full coverage at an actuarially fair price for both low and high risks constitutes a separating
equilibrium if and only ifEL [X] = EH [X]. Indeed, when insurers cannot observe a risk’s
type, full insurance is not feasible ifEL [X] 6= EH [X], because only the less expensive
policy would be bought. If, however,EL [X] = EH [X], then full coverage at an actuarially
fair price of EL [X] would constitute an equilibrium.

In what follows, we show that, under Yaari’s dual theory, if equilibrium is achieved by a
pair of separating policies and ifEL [X] < EH [X], then the equilibrium coverage for high
risks is full insurance at the actuarially fair price ofEH [X], and the equilibrium coverage
for low risks is less than full coverage. Let (IS, PS) denote the solution to the following
problem:

max
I ,P

VL(I , P) = max
I ,P

[
w − P −

∫ ∞
0

g[SL(t)] dt+
∫ ∞

0
g[SL(t)] dI(t)

]
, (3.4)

subject to

P ≥
∫ ∞

O
[SL(t)] dI(t), (3.5)

0 ≤ I ′ ≤ 1; I (0) = 0, (3.6)

and

w − EH [X] = VH (I
F , EH [X]) (3.7)

≥ VH (I , P) = w − P −
∫ ∞

0
g[SH (t)] dt+

∫ ∞
0

g[SH (t)] dI(t),
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in which I F denotes full coverage. The last constraint (3.7) ensures high risks will not prefer
the policy of low risks to full coverage.

Lemma 3.1: If EL [X] < EH [X], then(IS, PS) is a partial coverage contract satisfying

VH (IS, EL [ IS(X)]) = VH (I
F , EH [X]) = w − EH [X],

and

VL(IS, EL [ IS(X)]) ≥ VL(I
F , EH [X]) = w − EH [X].

Proof. See Appendix. 2

The contracts (I F , EH [X]) and (IS, EL [ IS(X)]) satisfy the self-selection constraints (3.1)
and (3.2), as well as the nonnegative profit constraints (3.3). If a separating equilibrium
exists, then they are the equilibrium contracts, as shown in the following proposition.

Proposition 3.2: Assume that a separating equilibrium exists. The equilibrium pair of
contracts is(I H , PH ) = (I F , EH [X]) and(I L , PL) = (IS, EL [ IS(X)]).

Proof. See Appendix. 2

Note that Proposition 3.2 tells us that the expected loss of a risk is sufficient to characterize
a risk as low or high in order to determine the optimal separating contracts. The same is
true in the case of a pooling equilibrium, as we demonstrate next.

Further assume that insurers are non-myopic, as in Wilson [1977]—that is, they will not
offer policies that will become unprofitable if other policies are removed from the market in
response to the introduction of a new policy. It may occur that both risks will prefer a pooling
policy to their optimal separating policies. In that case, any pooling policy that is priced
actuarially fair for the population as a whole and that does not maximize the expected value
V of the low risks can be improved upon for the low risks. That the old policy will be removed
from the market is a result of insurers being non-myopic and of the following lemma.

Lemma 3.3: Suppose that EL [X] < EH [X]. Let I be any pooling policy with a premium
P that is actuarially fair for the population as a whole. If the high risks prefer(I , P) to full
coverage with an actuarially fair premium of EH [X], then P< EH [ I (X)].

Proof. See Appendix. 2

Therefore, if the equilibrium is a pooling equilibrium, then the optimal pooling contract
(I P, PP) solves the following problem:

max
I

VL(I , P) = max
I ,P

[
w − P −

∫ ∞
0

g[SL(t)] dt+
∫ ∞

0
g[SL(t)] dI(t)

]
, (3.8)

subject to

P ≥ (1− ρ)EL [ I (X)] + ρEH [ I (X)], (3.9)
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and

0≤ I ′ ≤ 1; I (0) = 0. (3.10)

For the optimal separating policies to constitute an equilibrium, we also have the self-
selection constraints that at least one risk class will prefer its optimal separating policy
to the optimal pooling policy. Similarly, for the optimal pooling policy to constitute an
equilibrium, we have the self-selection constraints that both risk classes will prefer the
optimal pooling policy to their optimal separating policies. To state this more simply, if at
least one of the risks prefers to separate, then they will separate.

In the next section, we determine necessary conditions satisfied by the optimal separating
and pooling insurance policies for general loss distributions. First, we look at a simple case:
the amount of loss is nonrandom, and risks differ only in their probabilities of loss.

4. Design of optimal insurance contracts

4.1. Nonrandom loss severity, differing probabilities of loss

In this section, we examine the model studied by Rothschild and Stiglitz [1976]. Specifically,
risks are identical except for their probabilities of loss, withpi = Si (0), i = L or H , and
pL < pH . We also assume that the loss amount is fixed at, say,x. We first present a graphical
approach for understanding this problem that highlights the similarities between our results
and those of Rothschild and Stiglitz. Then, we solve the problem algebraically.

Consider figure 1 in which we graph premiumP versus coverageI . The lines denoted
pH I , pP I , and pL I , are the fair-odds lines for the high, pooled, and low risks, respec-
tively. The lines markedVH andVL are the indifference lines for the high and low risks,
respectively.3 These indifference lines are given byP = g(pi )I + [w − g(pi )x − Vi ], for
i = L or H , (2.2). The lineVH is steeper than the indifference line of the low risks because
g(pL) < g(pH ). By using standard arguments, we see that the risks separate with high
risks buying full coverage, denoted byI F , and low risks buying the amount of coverage on
their fair-odds line whereVL intersectsVH , denoted byIS. In this case, the equilibrium is
separating becauseVL does not intersect the fair-odds pooling line.

In figure 2, we see that the risks prefer to pool at full coverage,I P, because the indifference
line of the low risks,VL , intersects the fair-odds pooling line. This result is anticipated by
Segal and Spivak [1990] who show that under Yaari’s dual theory of risk, optimal insurance
may be full coverage even when the premium is loaded. The pooling policy will be in
equilibrium if one assumes that insurers are non-myopic, as in a Wilson anticipatory market
[1977].

IS solves the self-selection equationVH (IS, pL IS) = w − pH x. It follows that IS =
g(pH )−pH

g(pH )−pL
x. The lineVL intersects the linepP I , or equivalently the risks pool, if and only if

the proportion of high risksρ is less thang(pL )−pL

g(pH )−pL
. Thus, we see that if the high risks make

up a sufficiently small portion of the market, then the risks prefer to pool. Also, ifpL and
pH are sufficiently close, then the risks will pool because the ratiog(pL )−pL

g(pH )−pL
increases to 1

as the probabilities of loss approach each other. Finally, ifg1 is a concave distortion, then
so isg1 ◦ g, and g(pL )−pL

g(pH )−pL
≤ g1[g(pL )]−pL

g1[g(pH )]−pL
. Thus, asg becomes more concave, the risks are

more likely to pool.
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Figure 1. Separating equilibrium.

Figure 2. Pooling equilibrium.
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To summarize, if the costs of pooling are not too great, as described above, then the
risks will pool at full coverage. Otherwise, the risks separate with high risks purchasing
full coverage and low risks purchasingIS = g(pH )−pH

g(pH )−pL
x, each at an actuarially fair price. It

is straightforward to show that these results also follow from Theorems 4.1 and 4.5, given
below.

4.2. General loss random variable

In this section, we describe the optimal separating and pooling contracts. We assume that
EL [X]< EH [X], as in Section 3. In Section 4.2.1, we describe the optimal separating
contracts. First we determine conditions satisfied by the optimal separating contract for the
low risks, for general loss random variables. Then, we show that the conditions are sufficient
to determine the optimal contract under mild technical requirements. By further restricting
the loss distributions, the distortion function, or both, we obtain conditions under which the
optimal contract for the low risks is either a deductible policy or a policy with a maximum
limit. In Section 4.2.2, we parallel Section 4.2.1 for the optimal pooling contract.

4.2.1. Optimal separating contracts.In this subsection, we give conditions satisfied by
the optimal separating insurance contracts for general loss random variables. The optimal
separating insurance contract for high risks is full coverage,I F , at an actuarially fair pre-
mium, EH [X], as shown in Proposition 3.2. Conditions for the optimal separating policy
for low risks are given in the following theorem.

Theorem 4.1: The optimal separating insurance contract(IS, PS) for the low risks, that
solves(3.4)–(3.7), satisfies the following: There exists a nonnegative constantλ such that

(a) If g[SL(x)] < (1− λ)SL(x)+ λg[SH (x)] in a neighborhood of x0, then I′s(x0) = 0.
(b) If g[SL(x)] > (1− λ)SL(x)+ λg[SH (x)] in a neighborhood of x0, then I′s(x0) = 1.

The premium PS equals the expected indemnity benefit, Ps = EL [ Is(X)], and the self-
selection constraint(3.7) binds at the optimum.

Furthermore, if the following technical condition(C1) holds, then(a) and(b) above are
sufficient to determine IS andλ uniquely:

(C1)
g[SL(x)] − SL(x)

g[SH (x)] − SL(x)
is not constant on any interval inR+.

Proof. Maximizingw−P−∫∞0 g[SL(t) dt+∫∞0 g[SL(t)] dI(t), subject to the constraints
P≥ ∫∞0 [SL(t)] dI(t), andw− EH [X]=w− P− ∫∞0 g[SH (t)] dt+ ∫∞0 g[SH (t)]dI(t),
is equivalent to minimizing

M(I , λ) =
[ ∫ ∞

0
SL(t) dI(t)−

∫ ∞
0

g[SL(t)] dI(t)

]
−λ
[ ∫ ∞

0
SL(t) dI(t)−

∫ ∞
0

g[SH (t)] dI(t)

]



150 VIRGINIA R. YOUNG AND MARK J. BROWNE

over feasibleI andλ ≥ 0 because the premium constraint binds. Because a feasibleI is
piecewise differentiable, we can write the objective functionM as

M(I , λ) =
∫ ∞

0
{(1− λ)SL(t)− g[SL(t)] + λg[SH (t)]}I ′(t) dt.

This expression forM leads directly to the conditions forIS.
If condition (C1) holds, then clearly conditions (a) and (b) are sufficient to determineIS,

for a givenλ. To show thatλ is unique, suppose that it is not. Letλ1 ≤ λ2 be such that

EH [X] =
∫ ∞

0
[SL(t)I

′
1(t)+ g[SH (t)](1− I ′1(t))] dt

(4.1)=
∫ ∞

0
[SL(t)I

′
2(t)+ g[SH (t)](1− I ′2(t))] dt,

in which I j , j = 1 or 2, is the insurance policy determined by conditions (a) and (b) with
λ = λ j . Becauseλ1 ≤ λ2, I ′2 ≤ I ′1. Let A be the subset ofR+ given by

A = {x : I ′1(x) = 1, I ′2(x) = 0}
=
{

x : λ1 ≤ g[SL(x)] − SL(x)

g[SH (x)] − SL(x)
≤ λ2

}
.

By (4.1), we have that∫
A

SL(t) dt =
∫

A
g[SH (t)] dt,

which implies thatA has measure zero becauseSL < SH on A. Thus,λ1 = λ2, andλ is
uniquely determined by the self-selection constraint (3.7). 2

One can interpret the conditions in Theorem 4.1 economically. Indeed, the left-hand side
of each expression in (a) and (b) is the marginal benefit to the low risks of receiving additional
coverage beyond a given lossx. The corresponding right-hand sides are the marginal costs of
paying additional premium for that coverage, adjusted for the net marginal gain to the high
risks for the extra coverage. Therefore, if the marginal benefit of receiving extra coverage
beyondx is outweighed by the adjusted marginal cost, thenI ′S(x) = 0, an intuitively
appealing result.

Condition (C1) in Theorem 4.1 implies that the optimal indemnity payment for the low
risks is a piecewise linear function of the underlying loss, a result that is not generally
true under expected utility theory [Young and Browne, 1997]. The reason that the optimal
indemnity is a piecewise linear function is that the value function under Yaari’s dual theory
is linear in wealth, while expected utility is not generally linear in wealth. Condition (C1),
in particular, implies thatI ′S = 0 or 1, except at most a countable number of points. In
this case, the optimal coverage for the low risks looks like a ‘terrace’ with alternating flat
portions and portions that increase with slope 1. A special case of such an insurance policy
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is deductible coverage combined with a maximum limit,IS(x) = min[max(x−d, 0), u],
for some positive numbersd andu, such thatu > d.

The following corollary follows directly from condition (b) in Theorem 4.1 and from the
fact thatg(p) ≥ p, for all p ∈ [0, 1].

Corollary 4.2: If SL(x)> SH (x), for all x in a neighborhood of x0, then I′s(x) = 1 in
a neighborhood of x0. In particular, let x0 = 0; if the loss random variable of the low
risks is dominated by the loss random variable of the high risks under the ordering in
dangerousness,4 then IS is full coverage up to some loss amount.

Next, we obtain conditions that lead to optimal policies with deductibles, maximum
limits, or both. We state the following without proof.

Corollary 4.3: (a) If g[SL (0)]−SL (0)
g[SH (0)]−SL (0)

< λ, then the optimal separating policy for the low
risks has a nonzero deductible; that is, there exists a d≥ 0, such that IS(x) = 0, for
x ≤ d; and IS(x) > 0, for x > d.

(b) If limx→∞ g[SL (x)]−SL (x)
g[SH (x)]−SL (x)

< λ, then the optimal separating policy for the low risks
has a maximum limit; that is, IS(x) = u, for some u,m> 0, and for all x> m.

The condition in part (b) holds when,g′(0) <∞ and limx→∞ SH (x)
SL (x)
= ∞, for example if

there is an upper limit to the possible loss of the low risks. It also holds wheng(p) = pc,
for some 0< c < 1, and when limx→∞ SH (x)

SL (x)
= ∞. The condition limx→∞ SH (x)

SL (x)
= ∞

indicates that the loss distribution of the low risks is heavily dominated by the one of the
high risks for large losses. In that case, the low risks are willing to give up coverage at large
loss amounts because they are much less likely to incur large claims than the high risks.
For the special case in which the severity densities are equal, we have the following result.

Corollary 4.4: Suppose the loss severity densities of the risks are identical with SL(0) <
SH (0).5 Then, optimal separating insurance for the low risks IS may have a deductible
or may have a maximum limit, depending on the risk aversion embodied by the distortion
function g. Specifically, define a function R on the unit interval by

R(p) = − pg′′(p)
g′(p)

.

(a) If R(p) is nonincreasing with respect to p, then the optimal IS is deductible coverage,
given by IS(x) = max(x − d, 0), for some d≥ 0, and for all x≥ 0.

(b) If R′(p) ≥ R(p)
g(p)−p > 0, for all p ∈ (0, 1), then the optimal IS has a maximum limit

with full coverage below the limit; that is, IS(x) = min(x, u), for some u≥ 0, and for
all x ≥ 0.

Proof. See Appendix. 2

If R is decreasing, then as insurable events get more rare (pdecreases), the decision maker
(d.m.) becomes more risk-averse relative to the probability of the event (R increases). In
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this case, Corollary 4.4 implies that a d.m. will insure rare events, namely, losses over a
deductible, and self-insure losses under the deductible. A family of distortions for whichR
is nonincreasing is the collection of power distortionsgc given bygc(p) = pc, for a fixed,
but arbitraryc ∈ (0, 1). R for the distortiongc is identically 1− c.

On the other hand, if a d.m. is relatively less risk-averse as events get more rare, then
the d.m. will self-insure rare events, namely, losses over a maximum limit. A family of
distortions for whichR′(p) ≥ R(p)

g(p)−p > 0, p ∈ (0, 1), is the collection of dual power
distortionsgd given by gd(p) = 1 − (1 − p)d, for fixed, but arbitraryd ≥ 2. Indeed,
R(p) = (d − 1) p

1−p , from which the inequality follows.

4.2.2. Optimal pooling contract. In the following theorem, we state conditions satisfied
by the optimal pooling insurance contract. The proof parallels the one of Theorem 4.1, so
we omit it.

Theorem 4.5: The optimal pooling insurance contract(I P, PP), that solves(3.8)–(3.10),
satisfies the following conditions:

(a) If g[SL(x)] < (1− ρ)SL(x)+ ρSH (x), in a neighborhood of x0, then I′P(x0) = 0.
(b) If g[SL(x)] > (1− ρ)SL(x)+ ρSH (x), in a neighborhood of x0, then I′P(x0) = 1.

The premium PP equals the(pooled) expected indemnity benefit,

PP = (1− ρ)EL [ I P(X)] + ρEH [ I P(X)].

Furthermore, if the following technical condition(C2)holds, then(a)and(b) above are
sufficient to determine IP uniquely:

(C2)
g[SL(x)] − SL(x)

SH (x)− SL(x)
is not equal toρ on any interval inR+.

One can interpret the conditions in Theorem 4.5 economically, as for Theorem 4.1. For
example, if the marginal benefit of receiving extra coverage beyondx outweighs the adjusted
marginal cost for the low risks, thenI ′P(x) = 1. If the condition (C2) holds, then optimal
pooling insurance is a piecewise linear function of the loss. Again, this result is not generally
true under expected utility theory [Young and Browne, 1997] for utility functions that are
nonlinear in wealth.

We have the following straightforward corollary that is weaker than Proposition 3.2.

Corollary 4.7: If SL = SH , then the optimal pooling policy IP is full coverage.

Note that Corollary 4.2 also holds for the optimal pooling contract. The next corollary
parallels Corollary 4.3.

Corollary 4.8: (a) If g[SL (0)]−SL (0)
SH (0)−SL (0)

< ρ, then the optimal pooling policy has a nonzero
deductible; that is, there exists a d≥ 0, such that IP(x) = 0, for x ≤ d; and IP(x) > 0,
for x > d.
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(b) If limx→∞ g[SL (x)]−SL (x)
SH (x)−SL (x)

< ρ, then the optimal pooling policy has a maximum limit;
that is, I P(x) = u, for some u,m> 0, and for all x> m.

The discussion following Corollary 4.3 holds in this case, too. In particular, if the loss
distribution of the high risks heavily dominates the one of the low risks for large losses, then,
quite generally, the condition in (b) will hold. In the pooling case, we can assert something
stronger than Corollary 4.4.

Corollary 4.9: Suppose the loss severity densities of the risks are identical with SL(0) <
SH (0).6 Then, optimal pooling insurance IP is deductible coverage, given by

I P(x) = max(x − d, 0),

for some d≥ 0.

Proof. See Appendix. 2

In the next section, we present an illustrative example to show how piecewise linear
coverage with a deductible and a maximum limit can be realized as an equilibrium policy
in our framework.

5. Illustrative example

Supposeρ= 0.10; that is, high risks constitute 10% of the market. Assume that low risks
have probability of lossSL(0)= 0.80 and have loss severities distributed according to the
exponential distribution with mean $1000. Similarly, high risks have probability of loss
SH (0)= 1.00 and have loss severities distributed according to the exponential distribution
with mean $2000. Assume that both the low and high risks have a power distortion,g(p) =
p1/1.1. It follows that low and high risks are willing to pay up to $898 and $2200 for full
coverage, respectively.

The optimal separating policy to the low risksIS is a piecewise linear function of the
loss, given by

IS(x) = min(max(x − 290, 0), 919− 290), x ≥ 0.

That is, theIS has a deductible of $290 with a maximum limit of $919, or maximum benefit
of $628. The value to the low risks of this policy, ignoring wealthw, is -877, while the value
to the high risks is−2000.

The optimal pooling policyI P is a piecewise linear function of the loss, given by

I P(x) = min(max(x − 159, 0), 1662− 159), x ≥ 0.

That is, theI P has a deductible of $159 with a maximum limit of $1662, or maximum
benefit of $1503. The value to the low risks of this policy is−894, while the value to the
high risks is−1762. We see that the low risks want to separate. Thus, the equilibrium is a
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separating one with the high risks receiving full coverage and the low risks receivingIS,
each at an actuarially fair price.

In the next section, we conclude our work by summarizing our results and by comparing
them with ones obtained under expected utility theory.

6. Summary

We showed that if the two risk classes have equal expected losses,EL [X] = EH [X],
then equilibrium is full coverage at an actuarially fair price. IfEL [X] < EH [X] and if
an equilibrium is achieved by a pair of separating contracts, then the equilibrium coverage
for high risks is full insurance at the actuarially fair price ofEH [X], and coverage for low
risks is less than full. These results are also true under expected utility theory [Fluet and
Pannequin, 1997] and [Young and Browne, 1997]. We showed that the optimal separating
contract for the low risks solves the optimization problem given by (3.4–7). Under expected
utility theory, the optimal contract for the low risks solves the corresponding problem with
the value function replaced by expected utility.

We showed that if insurers are non-myopic, then a Wilson anticipatory pooling equi-
librium might exist. The optimal pooling contract solves the problem given by (3.8–10).
Under expected utility theory, the optimal contract solves the corresponding problem with
the value function replaced by expected utility [Young and Browne, 1997]. Expected utility
theory predicts that the optimal pooling coverage is never full coverage [Mossin, 1968] and
[Smith, 1968]. However, under Yaari’s dual theory, we showed that the optimal pooling
coverage might be full coverage if the costs of pooling are not too great, Section 4.1.

We found conditions satisfied by the optimal contracts. Qualitatively similar conditions
hold for the optimal contracts under expected utility theory: In that case, one compares
marginal utility benefits and costs, whereas under Yaari’s theory, one compares marginal
benefits and costs which arise from a value functional that is an expected value with respect
to a distorted probability.

We showed that under mild technical conditions, the optimal separating and pooling
coverages are piecewise linear functions of the underlying loss because the value function is
linear in wealth. This result does not hold under expected utility theory [Young and Browne,
1997] for utility functions that are nonlinear in wealth. Thus, Yaari’s theory predicts a
common property of most indemnity contracts—namely, piecewise linearity—that expected
utility theory does not predict.

Appendix

Derivation of Eq. (2.2):

Vi (I , P) =
∫ 1

0
S−1
w−P+I (X)−X,i (p)dg̃(p)

= w − P +
∫ 1

0
S−1

I (X)−X,i (p)dg̃(p)
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= w − P −
∫ 1

0
S−1

X−I (X),i (p)dg(p)

= w − P −
∫ 1

0

[
S−1

i (p)− I
(
S−1

i (p)
)]

dg(p)

= w − P −
∫ ∞

0
g[Si (t)] dt+

∫ ∞
0

g[Si (t)] dI(t),

In simplifying the valueV , we rely on the following: Two random variablesX andY are
comonotonicif there exist nondecreasing real-valued functionsh1, h2 and a random variable
Z, such thatX= h1(Z) andY= h2(Z). The restrictions on the rate of growth of a feasi-
ble insurance policy result in the random variablesX, I (X), andX − I (X) being pairwise
comonotonic. In the case of comonotonic random variables, we have thatS−1

X+Y = S−1
X +S−1

Y .
Note that a constant is comonotonic with respect to any random variable. Also, the integral∫ 1

0 S−1
X (p) dg̃(p) is asymmetric in that

∫ 1
0 S−1
−X(p) dg̃(p) = − ∫ 1

0 S−1
X (p) dg(p), in which

g is defined byg(p) = 1− g̃(1− p). These integrals are special cases of Choquet integrals
with respect to nonadditive measures. See Denneberg [1994] for more background in non-
additive measure theory.

Proof of Lemma 3.1: First, note that the premium constraint will always bind. Be-
causeEL [X] < EH [X], VH (IS, EL [ IS(X)]) > w − EH [X], if IS were full coverage.
Thus, the self-selection constraintVH (IS, EL [ IS(X)]) ≤ w − EH [X] binds. To prove
that VL(IS, EL [ IS(X)]) ≥ w − EH [X], it is enough to find a contractI compatible with
the constraints that satisfies this inequality. Let (Iα, Pα) be a coinsurance contract; that is,
Iα(x) = αx, for someα ∈ [0, 1], andPα = αEH [X]. Let

α∗ = arg max
α∈[0.1]

VL(Iα, Pα)

= arg max
α∈,[0.1]

[
w −

∫ ∞
0

g[SL(t)]dt + α
∫ ∞

0
(g[SL(t)] − SH (t)) dt

]
.

Thus, if
∫∞

0 (g[SL(t)]−SH (t))dt 6= 0, thenα∗ = 0 or 1. If
∫∞

0 (g[SL(t)]−SH (t)dt = 0, then
α∗ can be any number in [0, 1]. In either case, we haveVL(IS, EL [ IS(X)]) ≥ VL(Iα∗ , Pα∗) ≥
w − EH [X]. 2

Proof of Proposition 3.2: From the properties of the solutionIS, we have that if full
coverage is the optimal separating contract for the high risks, thenIS is the optimal separating
contract for the low risks. Therefore, it is enough to show that full coverage is the optimal
separating contract for the high risks.

Suppose not; that is, suppose that the optimalI ∗ is not the identity onR+. Then,
VH (I ∗, EH [ I ∗(X)]) < w − EH [X], by continuity of I ∗, because full coverageI F at an
actuarially fair premium is optimal for any risk. Consider a contract which provides full cov-
erage at a premiumPε = EH [X]+ε, for ε > 0. Forε small enough,VH (I ∗, EH [ I ∗(X)]) <
VH (I F , Pε) = w − EH [X] − ε < w − EH [X]. The contract(I F , Pε) would attract all the
high risks and make positive profits. If it attracts the low risks, it still makes positive profits
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becauseEL [X] < EH [X]. Thus,(I F , Pε) overturns the equilibrium ifI ∗ 6= I F . It follows
that the separating equilibrium for high risks is full coverageI F at a premiumEH [X]. 2

Proof of Lemma 3.3. We are given that high risks prefer the pooling policyI to full
coverage, both at actuarially fair prices. That is,

w − EH [X] < VH (I , P) = w − P −
∫ ∞

0
g[SX−I (X).H (t)]dt

≤ w − P − EH [X − I (X)],

in which the second inequality follows from Jensen’s inequality. It follows thatP <

EH [ I (x)]. 2

Proof of Corollary 4.4. First supposeR(p) is nonincreasing, or more simply, decreasing
with respect top. To show thatIS is deductible coverage, by Theorem 4.1, it is enough to
show that the ratio

g[SL(x)] − SL(x)

g[SH (x)] − SL(x)
(A.1)

is increasing with respect tox. Write p = pL S(x), then pH S(x) = pH

PL
pL S(x) = αp, in

whichα = pH/pL ∈ [1, 1/p]. Then, the ratio in (A.1) is increasing inx if and only if

r (p) = g(p)− p

g(αp)− p

is decreasing inp.
Now, r ′(p) ≤ 0 if and only if g′(p)−1

g(p)−p ≤ αg′(αp)−1
g(αp)−p , for all α ∈ [1, 1/p]. This inequality

holds with equality atα = 1; thus, it holds for allα ∈ [1, 1/p], if the right-hand side is
increasing inα. The derivative of the right-hand side with respect toα is proportional to
αpg(αp)g′′(αp)− αp2g′′(αp)+ g(αp)g′(αp)− αpg′(αp)2. Substituteq for αp andβ for
1/α, then, the derivative is proportional to

d(q, β) = qg(q)g′′(q)− βq2g′′(q)+ g(q)g′(q)− qg′(q)2,

with β ∈ [ p, 1]. To verify thatd(q)) is greater than or equal to zero, it is enough to verify
this forβ as small as possible, namely 0. Then, we are left with checking whether

0 ≤ qg(q)g′′(q)+ g(q)g′(q)− qg′(q)2

∝ {g(q)− qg′(q)} − R(q)g(q).

Assuming that the limit exists asq approaches 0, we haved(0, 0) = 0. Thus, finally, it is
enough to show thatd(q, 0) is increasing inq. Its derivative is equal to−R′(q)g(q), which
is positive by the assumption thatR is decreasing. Thus, we have verified part (a) of the
proposition; part (b) follows by similar reasoning. 2
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Proof of Corollary 4.9. By Theorem 4.5, it is enough to show that

g[SL(x)] − SL(x)

SH (x)− SL(x)
=

g[ pL S(x)]
pL S(x) − 1

pH

pL
− 1

is increasing with respect tox, or equivalently, thatg(p)/p is decreasing with respect top,
which is true becauseg is concave. 2

Notes

1. When referring to a particular risk type, we further subscriptSW andS−1
W by L or H , to represent low or high

risk, respectively.
2. It is straightforward to show that in the case of full information, equilibrium will consist of each risk receiving

full coverage at an actuarially fair price. This duplicates a result from expected utility theory. Both results are
consequences of the fact that risk-averse decision makers in each theory preserve the ordering given by second
stochastic dominance [Yaari, 1987].

3. We use the notationVi , i = L or H , to denote both an indifference line and the value (2.2) to a risk of being
on that line.

4. Ordering in dangerousness is ordering via second stochastic dominance with a single crossing of the distribution
functions [Kaas et al. 1994]. Corollary 4.2 generalizes to the case for which we have a finite sequence
XL = X0 < X1 < · · · < Xn = XH , in which Xi < Xi+1 means thatXi precedesXi+1 in the dangerousness
ordering.

5. Note that, in this case, condition (C1) of Theorem 4.1 holds.
6. Note that, in this case, condition (C2) of Theorem 4.5 holds.
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